Accessibility and the solution set condition  by Rosický, Jiří & Tholen, Walter
JOURNAL OF 
PURE AND 
APPLIED ALGEBRA 
ELSBVIER Journal of Pure and Applied Algebra 98 (1995) 189-208 
Accessibility and the solution set condition* 
Jiii Rosickjr a* , Walter Tholen b 
a Department of Algebra and Geometry Masaryk University, JanirEkovo nbm. 2a, 
66295 Bmo, Czech Republic 
b Department of Mathematics and Statistics, York Universi@, 4700 Keele Street, North York, 
Ont., Canada M3J iP3 
Communicated by M. Barr; received 5 January 1993 
Abstract 
It is shown that accessibility of functors between accessible categories is fully characterized by 
Freyd’s solution set condition, provided the set-theoretic VopGnka principle holds. The Yoneda 
embedding of accessible categories atisfies the solution set condition; under Voptnka’s prin- 
ciple, this is true for all categories with a small dense generator. In each case, Vop6nka’s 
principle is in fact equivalent to the validity of the desired results. 
0. Introduction 
In their monograph [14] on accessible categories, Makkai and Part mention that 
every accessible fun&or F: 9 + ~6 of accessible categories atisfies the solution set 
condition, i.e., all comma categories (X J F), X E %, have a (small) weakly initial set of 
objects (cf. [13]). Our main objective in this paper is to deal with the converse 
problem: under which conditions (ifany) does the solution set condition imply accessibil- 
ity (given that 2’ and Y are accessible)? 
We provide two answers to this question. First, calling a functor tame if it satisfies 
the solution set condition, we show that F is accessible if and only if F2: Y2 -P X2 
(with 2 = {. + v}) is tame, see Theorem 3.10. Next, under Vopknka’s principle (a 
large-cardinal principle, see [lo]), we show that tameness of F2 may be replaced by 
(the formally weaker) tameness of F. Hence, under a sufficiently strong set-theoretic 
hypothesis, the answer to our original question is affirmative. In fact, the validity of(F 
accessible o F tame) is equivalent to Vopinka’s principle, as we show in Theorem 4.3. 
While the above considerations are aimed at characterizing accessibility of a fun- 
ctor of accessible categories by a formally weaker property, one may also look for 
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strong properties of such functors. In 3.5 we show that every such functor is small- 
sound; this means that every small family 
xi:FAi ~ X (iEZ) 
of xX-morphisms (with specified y-objects Ai) has a weakly initial set of F-semiliftings 
(where an F-semilifting is given by a family 
~:Ai ~ A (iEZ) 
of di”-morphisms and a S--morphism d :X + FA with d * xi = FJ for all i E I). 
Small-soundness entails tameness (I = 8). In case F is faithful, the restriction to small 
indexing systems I can be dropped: an accessible functor is sound if and only if it is 
faithful, see the Proposition in 3.5. 
All of the above is true in the context of accessible categories 9 and Z. To which 
extent is it possible to weaken the hypotheses on the categories 9 and x? It is not 
difficult to show that an accessible category x is tame, in the sense that its Yoneda 
embedding Y : X -+ Set”“’ is tame, see Proposition 3.3. If Y has a left adjoint, then 
x is called a total [18]; totality is a powerful property which can be characterized by 
a strong cocompleteness property. As tameness of a category is the solution-set 
version of totality, not surprisingly then tameness is characterized by a weak (but 
large) cocompleteness property, see the theorem in 1.4. 
Tame categories are closely linked to sound functors: for every sound functor 
F : 9 + X, if x is tame, also Y is tame, see Theorem 2.6; and for a tame category 9, 
every faithful, right-adjoint functor is sound, see Corollary 2.11. 
Accessible categories have a small dense generator, i.e. they are bounded. This leads 
us to the last problem: is tameness of a category already implied by boundedness? 
Again, the answer depends on set theory: every bounded category is tame ifand only if 
VopZnka’s principle hold, see Theorem 4.2. 
Roughly, tameness provides a cardinal-free environment for accessibility 
( = modelizability, [12]) as totality does for locally presentable categories ([S], see 
also [2]). 
locally presentable; accessible 
total ;tame 
1. Preliminaries on tame functors and categories 
1.1. A weakly initial set of a category W is a (small) set 9 of g-objects such that 
every %-object C admits an arrow A + C with A E 9. A functor F : 2’ + X is called 
tame if, for every object X E x, the comma category (X 1 F) has a weakly initial set. 
This means that there is a small family (A, ei: X + FAi)i,l of p-objects Ai and 
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x-morphisms ei such that every x : X + FC in x with C E 9 factors as x = Ff ei for 
some icZ andf:Ai+C in Y. 
A right-adjoint functor F : Y + X is tame and preserves all limits; the converse 
proposition holds when _fZ is small-complete, according to Freyd’s adjoint-functor 
theorem (cf. [13]; all our categories are assumed to have small horn-sets). More 
precisely: existence of direct products in _CZ and their preservation by F suffice to 
conclude that F is weakly right adjoint (i.e., the comma categories (X 1 F) have 
one-element weakly initial sets), and that therefore F is tame; existence of equalizers of 
small families (not just pairs) of parallel arrows in _!Z and their preservation by 
F suffice to show that weak right adjointness of F implies right adjointness of F 
(cf. [3]). It should be noted that existence of limits in .5Z is essential in this context; for 
instance, the functor 2 + 1 for a large discrete category _?Z onto the terminal category 
1 trivially preserves all limits but fails to be tame. 
1.2. For later reference, we list some elementary properties of tame functors. 
(1) The composite FG of tame functors G: 4 --, _!Z and F: Y -+ X is tame. 
(2) Let the composite FG be tame. Then G is tame if F is full and faithful, and F is 
tame if G is representative (i.e., if every A E _5? is isomorphic to some GM, ME A). 
(3) A faithful tame functor F : 9 + X lifts the existence of generating (small) sets 
from %? to 3. More specifically, let (Gi)isI be a generating set in .W (so that 
%?K --) SetI, X H (x(Gi, X))i,l 
is faithful), and let (Ai,j,ei,j)je,; be small and weakly initial in (Gi _1 F) for every i E I; 
then (Ai,j)ieljPJ, is a generating set in 3. 
1.3. A category x is tame if its Yoneda embedding 
Y : 3- --i setx”P, x H .x(-,X), 
is tame. Certainly, all small categories are tame, but a large discrete category s is not: 
for E: P’P + Set the functor with constant value 0, (E 1 Y) does not have a weakly 
initial set. 
On the other hand, most “everyday-life” categories are tame. In fact, these catego- 
ries can be expected to be total, i.e., Y has a left adjoint (cf. [S, 17, 181). A careful 
application of the adjoint functor theorem yields that x is total if and only ifX is 
tame and small-complete, despite the fact that SetjyO’ may be illegitimately large (see 
1.1). Therefore, asking a small-complete category x to be tame implies that it must 
also enjoy a number of important properties which all total categories have, such as 
small-cocompleteness, compactness (so that any functor H: x + % preserving all 
existing colimits has a right adjoint, see [9]), and hyper-completeness which is the 
strongest completeness property which a category (with small horn-sets) may have (see 
[6]). The dual of the category of groups is an example of a small-complete, but 
non-tame category since it is not total, not even hypercomplete (see [6,9]). 
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Tameness of categories is therefore to be studied primarily in the context of not 
necessarily complete categories, such as accessible categories (see Section 3). But as 
totality of categories is characterized by a strong cocompleteness property (see [S, 171, 
tameness of categories can be completely described by a weak (but large) cocomplete- 
ness property, as we will show next. 
1.4. We say that a functor H: 9 + X has an approximate colimit in X if the 
comma-category (H 1 A) of cocones in X with domain H has a weakly initial set. We 
call H locally small-partitioned if, for every object A in X, the comma-category (A 1 H) 
has only a (small) set of connected components (i.e., the connected components of 
(A 1 H) can be labelled by a set). The proof of the following theorem uses standard 
techniques (see, e.g., [ 111). 
Theorem. A category X is tame if and only if every locally small-partitioned functor 
H with codomain X has an approximate colimit in S. 
Proof. (sketch). If part: For a functor E: Xop + Set, observe that the forgetful fun- 
ctor H : el E + X of the element-category of E (with objects (A, a), a E EA, and with 
morphisms f: (A, a) + (B, b), @f)(b) = a) is locally small-partitioned (since the con- 
nected components of (K 1 H) can be labelled by the elements of EK). 
Now a weakly initial set 
Ai: H + ALi (i E I) 
in (H 1 A) yields a weakly initial set 
qi:E + X(-,Li) (iEI) 
in (E _1 Y) (with Y the Yoneda embedding), with 
(qiA)(a) I= Ai(A, a) : A + Li 
for all objects (A, a) in el E. 
Only ifpart: Starting from a locally small-partitioned functor H : 9 + X, we define 
EA to be (a set equipotent o) the family of connected components of (A 5_ H), for every 
object A in X. Letting Ef: EB + EA (for f: A + B in X) be the map which assigns to 
a representative of a connected component in EB its composite withf, one obtains 
a functor E: Xop + Set. NOW a weakly initial set (Li, qi)iEr in (E 1 Y) yields a weakly 
initial set (Li, ;li)iol in (H 1 A), as follows: for every object d E 9 one has a map 
qi(Hd): E(Hd) + X(Hd, Li); 
obtain lid by evaluating qi(Hd) at the connected component of the object (d, lHd) in 
(HdIH). Cl 
1.5. Corollary. Every small diagram in a tame category has an approximate colimit. 
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2. Sound functors and tameness 
2.1. Which property is needed to make a faithful functor F : 9’ + X lift tameness of 
categories, so that 5? is tame whenever ~$7 is tame? Certainly, tameness of the functor 
F is not sufficient: let Y be a large antichain with two minimal elements added, and 
consider it a category; the faithful functor _%’ + 1 is easily seen to be tame, and 1 is 
tame but _Y is not (since the two minimal elements fail to have an approximate 
coproduct in 2, see Corollary 1.5). The notion of sound functor as given below is 
introduced in order to obtain a valid lifting theorem for tame categories. 
2.2. Let F : _9 + X be a functor. An F-sink 
o = (Ai, Xi: FAi ~ X, X)iEI 
is a (possibly large) family of Y-objects Ai and %Y-morphisms xi with common 
codomain X; in case I = 8, (r is identified with the x-object X. An F-semilifting of rJ is 
a family 
with d in ~7 and eachfi in _Y such that Ffi = dxi for all i E I. A morphism t : a + /I of 
F-semiliftings a and fi = (gi : Ai -+ B, e : X + FB, B)isr of (T is an P’-morphism t : A + B 
with Ft * d = e and tfi = gi for all i E I. With composition as in 3, the F-semiliftings of 
(r constitute a (possibly illegitimately large) category (X 1 F)b. 
We call the functor F I-sound if (X 1 F), has a weakly initial set for every F-sink 
0 (as above) indexed by I. F is (small-) sound if it is Z-sound for every (small) indexing 
system 1. 
2.3. The notions of small-sound functor and of sound functor must be carefully 
distinguished. Using the same techniques as in [4,19] (i.e., Cantor diagonal-type 
arguments) one can show that a sound functor is necessarily faithful. This has the 
simplifying effect that (X 1 F), can be considered a full subcategory of the comma- 
category (X 1 F). Indeed, for F faithful, an F-semilifting of LT (as above) is completely 
determined by the object (A, d) of (X 1 F). 
2.4. We list a number of easily established properties of (I-)sound functors. 
(1) In case Z = 8, or when F is full and faithful, the category (X 1 F), (with o as in 
2.2) is isomorphic to the entire comma-category (X 1 F). Hence,for everyfunctor F, 
@soundness means tameness, and for F full and faithful, soundness is equivalent to 
tameness. One therefore has the implications 
F sound =S small-sound and faithful =S F tame and faithful, 
with the converse implications to hold when F is full. 
194 J. Rosic&, W. Tholen / Journal 0s Pure and Applied Algebra 98 (1995) 189-208 
(2) For Z = * a singleton set, it is not difficult to show that F is *-sound if and only if 
the functor 
induced by F is tame. If 9 has an initial object which is preserved by the *-soundfunctor 
F, then F is tame. The assumption on the initial object is essential in this statement: for 
a large discrete Y, the functor _Y + 1 is *-sound, in fact Z-sound for any non-empty I, 
but not tame. 
(3) Clearly, if 3 has (small) coproducts which are preserved by F, then F is 
small-sound iff F is *-sound. 
(4) Letd,:x + %?‘andd,:z + _Yr be canonical functors. It follows immedi- 
ately from the relevant definitions that afunctor F : 2 -+ X is Z-sound if and only if, 
for every H = (AJieI E 9, the inducedfunctor 
Fn:(Hl&) + (FH5.&) 
is tame. 
(5) A functor F : 2’ + X is called solid ( = semi-topological, cf. [l, 5, 191) if, for 
every F-sink cr (of any size), (X 1 F). has an initial object. The notion of solidness was 
introduced in order to describe common features of “good” faithful right-adjoint 
functors as they appear in both algebra and topology. Trivially, every solid functor is 
sound and preserves all limits. According to the adjoint functor theorem, the converse 
proposition holds if 9 is small-complete. Briefly, as tameness is the solution set 
condition for right adjointness, soundness is the solution set condition for solidness. 
2.5. Solid functors are known for their good lifting properties, the most important of 
which is that a solid functor F: 2’ -+ X lifts totality from xto B (cf. [S]). Sound 
functors are therefore expected to lift the solution set condition of totality, i.e., 
tameness of categories. The next theorem confirms this conjecture. For its proof we 
need a technical emma. 
Lemma. For F: Y + .X tame and H :9 --f SC locally small-partitioned, also FH is 
locally small-partitioned. 
Proof. For every x-object K, we must show that (K 1 FH) has only a small set of 
connected components, Since F is tame one has a weakly initial set (Ai,ei)ier in 
(K 1 F), and since H is locally small-partitioned, for every i E Z one can choose a small 
set 
Jj : Ai + Hd,,j (j E Ji) 
of objects in (Ai 1 H) representing its connected components. 
It is easy to show that the set ((i,j): i E I, j E Ji} suffices to label the connected 
components of (K 1 FH). Indeed, every k: K + FHd in x with d E $3 factors as 
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Ff-ei = k for some ie I and f:Ai + Hd in 3, and (d,f) belongs to the same 
connected component as some (di,j,fi,j); but then (d, k) belongs to the same connected 
component as (di,j, Ff,,j. ei). 0 
2.6. Theorem. For a sound functor F : 2 + T and X tame, also 2 is tame. 
Proof. According to the theorem in 1.4, we must show that every locally small- 
partitioned functor H: 9 + 9 has an approximate colimit in LZ’. Since the sound 
functor F is tame, the lemma in 2.5 gives that also FH is locally small-partitioned. 
Since Z- is tame, the theorem in 1.4 then gives a weakly initial set 
Ki:FH + AKi (iEZ) 
of cocones in (FH 4 A). Hence, for every i E I, we have an F-sink Ici = (Hd, Kid)de a and 
therefore a weakly initial set 
ei,j: Ki + FAi,j (j E Ji) 
in (Ki _1 F),, (considered as a full subcategory of (Ki 1 F)). The morphisms ei,j belong to 
an F-semilifting of Ki whose naturality (together with the faithfulness of F) gives 
cocones 
2ei.j: H * AA,,j 
with dei, j. q = FAi,j (i E I, j E Ji), comprising a weakly initial set of (H _1 A). Indeed, for 
every cocone L : H + AA one has a factorization FL = de. Ici for some i E I and 
e : Ki + FA in 3C. Hence (A, e) E (Ki 1 F),,, and we have e = Ft * ei,j for some j E Ji and 
t :Ai,j + A in ~3’. Since F is faithful, this implies i = At*&. 0 
2.7. With 2.4(l), Theorem 2.6 gives immediately the following result. 
Corollary. For a full and faithful functor F : 9 -+ .X, tameness of X and F implies 
tameness of 9. 
2.8. Note that the example given in 2.1 shows that, in Theorem 2.6, the assumption 
that F be sound cannot be weakened to F tame, and that in the corollary in 2.7 fullness 
of F is essential. 
2.9. Theorem 2.6 tells us that tame categories are frequent if sound functors are. Next 
we are aiming at a sort of converse statement. Again we are guided by an existing 
result on total categories and solid functors: for _Y total, every faithful right-adjoint 
F: 2 + X is solid, see [2]. In order to establish a solution-set-type version of this 
result, we use the following auxiliary notion. We say that F-spans are epi-factorizable 
if, for every X E x and every pair (A, u), (B, u) of objects in (X 1 F) there is a diagram 
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in (X 1 F) with (D, z) F-epic; this means that there is a simultaneously factorization 
P&x 
FAt-----FD-FB 
and whenever Fa * z = Fb* z for a, b : D -+ C in 3, then a = b. Clearly, for F right- 
adjoint F-spans are epi-factorizable; the converse proposition does not hold, as the 
underlying Set-functor of the category of finite groups shows. 
We shall apply the above condition on F-spans only in the case when X = FA and 
U = 1A. 
2.10. Theorem. Let 2’ be tame. Then a functor F: 2 + X with epi-factorizable 
F-spans is sound if and only if F is tame and faithful. 
Proof. We already noted that a sound functor is tame and faithful. To show the 
converse proposition, under the assumption that 9 be tame, and that F-spans be 
epi-factorizable, we start off with an F-sink CJ as in 2.2 and consider a weakly initial set 
(Lj, ej: X + FLj)j,J 
of (X 1 F). For every j E J, let Ej: Zap + Set be the subfunctor of 3?(F-, FL,), defined 
by 
EjA= {f:FA + FLjIf = Fg for some g:A + Lj in 3, or 
f=ejxi*Fhforh:A+Aiin5?andiEZ}. 
Let “j be the least congruence relation on Ej such that for all i E Z and s : D + Ai, 
t:D + Lj in 9 and z: FAi + FD in 37 with Ftaz = ejxi, FS.Z = lFAi, and (D,z) 
F-epic, one has 
Ft WjejXi’ Fs. 
Hence the natural projection rtj: Ej + Ej/ “j has the property that natural trans- 
formations y : Ej + 2’(-, C) with a kernel coarser than -j correspond bijectively to 
natural transformations 7 : Ej/ N j + 2(-, C); more precisely: the comma-category 
((Ej/ “j) 1 Y) with Y the Yoneda embedding of B is isomorphic to the full sub- 
category (Ej 1 Y), of (Ej J Y) given by the transformations y: Ej + 2(-, C) satisfying 
the identity 
(*) yD(Ft) = yD(ejxi. Fs) 
for the data as above. 
Since 9 is tame, every category (EjS_ Y), has a weakly initial set 
yj,k: Ej + yt-3 Cj,k) (k E Kj). 
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Hence for every j E J and k E Kj, one has a map 
Yj,kLj: EjLj + p(Lj, Cj,k) 
and therefore xX-morphisms 
Uj,k := F(Yj,kLj(FlL,))’ ej:X + FCj,k. 
We ChillI that the Set (Cj,k, uj,k)j,J, kcK, is weakly initial in (X 1 F)b; this will finish 
the proof of the theorem. 
In order to prove the claim we must first show that each (Cj,k, Uj,k) gives indeed an 
F-semilifting of 0. Since F-spans are epi-factorizable we first obtain s: (D, z) + 
(Ai, lFA,) and t:(D,z) + (Lj,ejXi) in (FAiJ F). Then, with the naturality of Yj,k and 
property (*) one concludes 
uj,kxi = F(Yj,kLj(f’lLj))‘ej-‘h 
= F(yj,kLj(FILi).t).z 
= f’(Yj,kD(J’t))*z 
= F(Yj,kD(ejXi. Fs))*Z 
= F (Yj,kAi(ejXi) . S) ’ Z 
= F(Yj,kAi(ejXi))* 
Now we consider any F-semilifting 
(Ui:Ai ~ C, u:X ~ FC,C)i,I 
of 0. Since F is tame, we have a factorization u = Fp . ej with j E J and p : Lj + C. Now 
a natural transformation Y : Ej -+ 9’-, C) arises, as follows: for all A E 9 andfe EjA, 
let 
yA(f)= 
pg forf= Fg, g:A + Lj, 
aih for f= ejXi*Fh, h:A -+ Ai. 
Using the faithfulness of F, one easily checks that the map yA is well-defined. Checking 
naturality is also a routine matter. Furthermore, we must show that y satisfies 
condition (*). 
Indeed, for all D, z, s, t as needed in (*) one has 
F (ais) * Z = Fat = UXi = Fp * ejXi = F (pt) . Z; 
since (D,z) is F-epic, this implies 
yD(Ft) = pt = Uis = yD(ejxi * Fs), 
as desired. 
As (C, Y) E (Ej 1 Y),, we now have a factorization 
Y = T(-, 4Yj.k 
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for some k E Kj and r : Cj,k + C in 9. Hence YLj = Y(Lj, r)yj,kLj, and evaluation at 
Fl, E EjLj gives 
Fr ’ uj,k = Fr * F(Yj,kLj(FlL,)) * ej 
= F (yLj(FlL,)) * ej 
=Fp.ej=u. 
This completes the proof. q 
2.11. Corollary. A faithful right adjoint finctor F: 5? + X with Y tame is sound. 
2.12. We shall show in Theorem 5.1 that in Theorem 2.10, the condition that F-spans 
be epi-factorizable is essential, and that in Corollary 2.11 right adjointness cannot be 
relaxed to weak right adjointness. 
3. Accessible categories and tameness 
3.1. (See [14]). For a regular cardinal A, a category X is I-accessible if it has L-filtered 
colimits, and if there is a (small) set % of I-presentable objects in X such that every 
X-object is a I-filtered colimit of %-objects. X is accessible if it is L-accessible for 
some 1. 
A functor F : 9 + X between L-accessible categories is A-accessible if it preserves 
I-filtered colimits. F is accessible if it is ,I.-accessible for some 1. A crucial property of 
accessiblefunctors is that they are tame: see Proposition 6.1.2 of [14]. We first want to 
show that the same property holds for accessible categories. 
3.2. Every accessible category is bounded, in the sense that it has (small) dense set of 
objects, given by a representative set of I-presentable objects (for some 1, see [14], 
2.1.51). For every category X with a (full)dense subcategory V one has a factorization 
of the restricted Yoneda embedding Y,, through the Yoneda embedding Y of X, as 
follows: 
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Here J assigns to H E Set?“’ its restriction HI, with I : W’* -P X0*. In this situation 
one has the following result. 
Lemma. If Y, is tame, then X is tame. Conversely, ifX is tame and 92 is small, then Y, 
is tame. 
Proof. Density of V in X implies that, for all H E SetxO’ and A E X, the map 
n.t.(H, YA) + n.t.(HI, YoA) 
is bijective, i.e., J is full and faithful with respect o morphisms with codomain YA, 
A E X. This property suffices to show that tameness of JY = YO implies tameness of 
Y; see 1.2(2). 
Conversely, if 97 is small, then J has a left adjoint (given by right-Kan extensions), 
hence J is tame. Consequently, if Y is tame, also YO = JY is tame; see 1.2.(l). 0 
3.3. Proposition. Every accessible category is tame. 
Proof. Let X be I-accessible, and let %? be a skeleton of its k-presentable objects. 
Then, for Y,, as in 3.2, Y, is I-accessible and therefore tame, see 3.1. Now our assertion 
follows with the Lemma in 3.2. 0 
3.4. Under additional set-theoretic assumptions, we shall show in Theorem 4.2 that 
even bounded categories are tame. The converse proposition, however, does not hold, 
as the category of topological spaces shows [8]. Less trivially, we have total (hence 
tame) categories which do not even have a small generating set of objects (see [2,5]); 
such categories are, a fortiori, not bounded. 
3.5. Accessible functors are not just tame, but satisfy the stronger properties discussed 
in the previous section. 
Proposition. An accessiblefunctor between accessible categories is small-sound, and it is 
sound if and only if it is faithful. 
Proof. According to 2.4(4) we must first show that, for every small set I and every 
H E yr, the functor 
induced by F : 9 + X is tame. In fact, FH is even accessible since, trivially, Au and 
Ax are accessible functors, the domain and the codomain of FH are accessible 
categories (see [14, Proposition 6.1.11); now accessibility of F translates into accessi- 
bility of FH. Hence F is small-sound. 
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One can choose a regular cardinal 1 such that 2, x and F is l-accessible [14, 
2.4.91. Let %? be a (small) representative set of A-presentable objects of _Y. Starting now 
with an arbitrary F-sink o as in 2.2, for F faithful we form the F-sink z of all (distinct) 
composites 
FC-%FA,&X 
with C E %? and t : C + Ai (i E I) any Y-morphism. Since $? is small, z can be 
labelled by a small set. Since F is small-sound, it suffices to show that, for the full 
subcategories 
(Xlf’),=+ (XlFL=-+ (XlF)> 
one actually has (X _1 F)O = (X 1 F),. In fact, for d: X --) FA in (X _1 F)z and every 
t: C + Ai with C E % and i E I, one has an Y-morphism j&: C + A with 
FL,, = dxi. Ft. With i E I fixed, these morphisms form a cone over the canonical 
projection Pi : (%? 1 Ai) + 9. Since each Ai is a colimit of Pi (as % is dense in _Y), this 
cone gives a morphism h: Ai + A with FJ = dxi. Hence d belongs to (X _1 F),. 0 
3.6. We now look at the problem whether a small-sound, or just a tame functor 
between accessible categories is accessible. The following two propositions give 
a partial answer. They generalize the result given in 2.4.8 of [14] that a jiinctor 
between accessible categories which has a left-adjoint is accessible. 
Proposition. Let 2 and 37 be &accessible, and let F : 2 + X be tame. Then there is 
a regular cardinal K 2 A such that,for every u-Jiltered diagram H in 9, all I-presentable 
objects in x are projective with respect to the canonical morphism 
h : colim FH + F(colim H). In particular, h is an extremal epimorphism, i.e., an epimor- 
phism which does not factor as h = mp with m manic unless m is iso. 
Proof. Since F is tame, for every I-presentable object X of %, there is a weakly initial 
set 
e x,j:X + FAX,, (j E Jx) 
in (X 1 F). We can choose a regular cardinal K 2 A such that all objects Ax,j are 
K-presentable in _Y (see [14, 2.3.121). Now let H: 9 + 9 be K-filtered, and consider 
any g : X -P F (colim H). First we can factor g as g = Ff ex,j for some j E Jx and 
f: Ax,j + colim H. Since Ax,j is K-presentable, one has a factorizationf = y,k for some 
k : Ax,j + Hd (d E 9), with yd: Hd + colim H a colimit injection, But Fyd = hdd, with 
6,: FHd + colim FH a colimit injection, hence 
g = h(6d * Fk * ex,j). 
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This completes the proof that X is projective w.r.t. h. But this implies immediately that 
h is epic since the subcategory % of A-presentable objects forms an (essentially small) 
dense, hence generating set of objects in %. Furthermore, if h = mp with 
m : B + F(colim H) manic, the colimit cone of all morphisms g as above factors, by 
projectivity, through m. Hence the colimit property gives an inverse of m. 0 
3.7. In order to show accessibility of F, we must show that the morphism 
h: colim FH + F(colim H) of 3.6 is also manic. For that we need an auxiliary 
construction, as follows: for every morphism p : C + D in s?, we form the category F, 
whose objects are pairs (u,f) with f: A + B in _Y and u: C + FA in ~4? such that 
Ff u : C + FB factors through p; a morphism (r, s) : (u,f) + (u’,f’) in F, is given by 
a pair of L-morphisms with sf =f'r and Fr . u = u’. 
FA Ff 
/ 
* FB 
u f 
/ 
Fr / 
C P 
/ 
*D FS 
..-.\I 
\ 
\ 
21’ \ 
v 
FA ’ Ff’ t FB’ 
Proposition. Let 2’ and X be I-accessible, and for every morphism p : C + D with C, D 
I-presentable in X, let the category F, have a weakly initial set. Then there is a regular 
cardinal p 2 ;1 such that, for every p-jiltered diagram H in 2, the canonical morphism 
h : colim FH + F(colim H) is a monomorphism. 
Proof. For every p : C + D with C, D A-presentable, we are given a weakly initial set 
(e,,i:C + FA,i,fp,i:Ap,i + B,,i), 
i E I,. We may then choose ,u 2 1 such that all objects A,,i and BP,i are p-presentable. 
Let us then assume that hx = hy holds for x, y : X + colim FH in %‘-; without loss of 
generality, X can be assumed to be A-presentable, and we must show x = y. 
There are d E 9 and x1, yl :X + FHd such that 
x = &Xl and y = &yr 
(with 6,, the colimit injection). We then have 
Fy,.xI = h&,x1 = hx = hy = Fyd.y, 
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(with Yd: Hd + colim H the colimit injection). Since every x-objects is a I-filtered 
colimit of I-presentable object, one can find in x a diagram 
F (colim H) 
“\,/ u F Yd 
FHd 
with C, D A-presentable and px2 = py2, ux2 = x1, uy2 = yi, u’p = Fyd. u; in particu- 
lar, (u, yd) is an object of F,. Hence there is a morphism 
(~74:(ep,i7.fp.i) + (%Yd) 
in F,, for some i E I,. Since A,,i and B,i are p-presentable, one can find a Q-mor- 
phism t : d + d’ and an T-morphism s’ : B,,i + Hd’ such that y&s’ = s and 
S’fp,i = Ht * r. This gives 
X = 8dX1 = 8s*FHt*ux2 = dd**FHt*Fr*e,,ix2 
= 81, ’ Fs’ ’ Ff,, i ’ e,,iXq = dd’ ’ Fs’ * V’pX2 
for some v’ with F&- eP,i = v’p. Similarly, one has 
y = &,‘FS”V’py2 
and since px2 = py2, this yields x = y. 0 
3.8. The functor F : 3 + X induces a functor 
F*: cY2 + X2 = (Id,- 1 Idx) 
(which factors through the functor F of 2.4(2)). Clearly, when F2 is tame, also F is 
tame. The converse proposition holds only under additional hypotheses. 
Lemma. Let F : 2’ --) X be tame and *-sound, and let X have approximate pushouts. 
Then F2 is tame. 
Proof. In order to find a weakly initial set for (u 1 F2), where the x-morphism 
u : X + Y is considered an object of x2, we first choose a weakly initial set 
ei:X + FAi (iEZ) 
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(in (X J, F), then for every i E I an approximate pushout 
ei 
X- FAi 
and finally for every i E I and j E Ji a weakly initial set 
(fi,j,k:Ai j Bi,j,k,di,j,k : Qi,j + FBi,j,k) (k E Ki,j) 
of F-semiliftings of each (*-indexed F-sink) pi,j: FAi + Qi,j* 
It is now a routine job to check that the diagrams 
x ei 
l FAi 
u I 1 F~I..~.~ (FEZ, jEJi kEKi,j) ‘j j Ir. 4i j 
Y-FBI j k 3 9 
give the desired weakly initial set. 0 
3.9. Tameness of F: 2’ -+ 3” alone does not guarantee tameness of F2 in general, 
even for a “good” category X, hence the assumption of *-soundness is essential for 
3.8: for the thin category (i.e., partially ordered class) _Y with diagram scheme 
and distinct objects A, B, Ai, Bi and i ranging through a proper class, for 
X = 2 = (0 + l}, and for F the functor with FA = FAi = 0 and FB = FBi = 1, one 
easily verifies that F is tame, but that F2 is not tame (hence F is not *-sound either). 
3.10. Theorem. For a finctor F:_Y + X of accessible categories 9 and X, the 
following assertions are equivalent: 
(i) F is accessible, 
(ii) F is small-sound, 
(iii) F is tame and *-sound, 
(iv) F2 is tame. 
Proof. For (i) a (ii), see 3.5. Implication (ii) =S (iii) is trivial (see 2.4). For 
(iii) =S (iv), note that the accessible category X is tame (see Proposition 3.3) and 
therefore has small approximate colimits (see Corollary 1.5), hence 3.8 is applicable. 
Finally, for (iv) =S (i), observe that for F2 tame one obtains immediately that every 
category F, (see 3.7) has a weakly initial set. Hence the propositions in 3.6 and 3.7 give 
that F is accessible. 0 
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3.11. (1) The question remains whether in Theorem 3.10 it is possible in condition (iv) 
to trade tameness of F2 for tameness of F or equivalently, to drop *-soundness in (iii). 
The answer is affirmative, under additional set-theoretic hypotheses, see 4.3. 
(2) If one leaves the context of accessible categories, conditions (ii)- of Theorem 
3.10 are no longer equivalent. For instance the functor F: 2’ + 1 of 2.1 is tame and 
faithful, and one easily verifies that also F2 is tame, but that F is not (0, 1}-sound. See 
also Theorem 5.1. 
4. Accessibility and tameness under Vop&nka’s principle 
4.1. The statement hat the category Gra of (directed) graphs ( = sets with binary 
relations) does not contain a large discrete full subcategory, is known as Vop&ka’s 
principle. This is in fact a large-cardinal principle: the existence of huge cardinals 
implies that Vopenka’s principle is consistent, and Vopenka’s principle implies the 
existence of arbitrarily large measurable (or even compact) cardinals; see [lo]. All we 
need to know here about Vopknka’s principle is the following crucial result estab- 
lished in [ 151: under VopZnka’s principle, every fill subcategory of a bounded category is 
bounded (see 3.2). 
We shall also use the trivial fact that a bounded category has a weakly initial set of 
objects (either it has an initial object, or the objects of the small dense subcategory 
form a weakly initial set). Now we can prove the following result. 
4.2. Theorem. The following statements are equivalent: 
(i) VopZnka’s principle holds, 
(ii) every full subcategory of a bounded category is bounded, 
(iii) every bounded category is tame. 
Proof. (i) * (ii) was shown in [15]. 
(ii) => (iii): Let X be a bounded category and % a small dense subcategory of X. 
One then has a full restricted Yoneda embedding Y0 : X + SeF’. In order to show 
that X is tame, it suffices to show that Y0 is tame (lemma in 3.2). But for every 
F E SetW”, the comma category (F 1 YO) can be considered a full subcategory of 
(F 1 !Wg”‘) which is bounded (even accessible, since Set”‘l is accessible, see [ 14,6.11]). 
Hence, under assumption (ii), (F _1 YO) is bounded and has therefore a weakly initial set 
of objects. Consequently, Y0 is tame. 
(iii) =P (i): Under the negation of Vopenka’s principle, we can construct a bounded 
category which is not tame, as follows. To a large discrete full subcategory 9 of Gra 
we add the graphs 
Go= {.} and G1 = {* + *} 
and obtain a full subcategory X of Gra. The graphs Go and G1 form a dense 
subcategory %? of Gra, hence of X. Therefore %‘” is bounded. On the other hand, 
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observe that every graph G can be considered a functor G : VP + Set (by restricting 
the horn-functor Gra(-, G)). Since 9 is large and discrete, it is easy to see that, for any 
G with more than two vertices and no edges, (G 1 Y,) does not have a weakly initial set 
(with Y0 : X + Setw”” the restricted Yoneda embedding). Hence by 3.2, X is not 
tame. 0 
The proof of (ii) + (iii) shows that even the formally weaker statements that every 
full subcategory of a bounded category has a weakly initial set of objects is equivalent o 
Vopenka’s principle. 
4.3. We now return to the problem of characterizing functors of accessible categories 
by solution-set-conditions and strengthen Theorem 3.10, under Vopknka’s principle. 
Theorem. The following statements are equivalent: 
(i) Vopenka’s principle holds, 
(ii) every tame functor between accessible categories is accessible, 
(iii) every weakly right adjoint Set-valuedfunctor of an accessible category is *-sound. 
Proof. (i) = (ii): It suffices to show that every category F, has a weakly initial set, for 
every p: C -+ D in X (see the proof of Theorem 3.10). 
In fact, since F is tame, we have a weakly initial set 
ei: C + FAi (i E I) 
in (C 1 F). For i E I, we consider the (non-full!) subcategory 9’i of F, with objects (ei, f) 
(for every f: Ai -+ B in 9) and morphisms (l,+, s); since the first components of both 
objects and morphisms are fixed, LZ’i s in fact (isomorphic to) a full subcategory of 
(Ai 19). AS an accessible category (Ai 19’) is bounded, hence 9i is bounded under 
Vopenka’s principle, see Theorem 4.2. We can therefore find a weakly initial set 
f;:,j:Ai + Bi,j (jE.JJ 
in pi. Now it is easy to see that the (ei,f;:,j) (i E I, j E Ji) are weakly initial in F,: for 
every object (u, f) in F,, u : C + FA factors as u = Fr . ei for some r : Ai + A and i E I; 
then the Yi-object fr : Ai + B gives a factorization fr = Sfi.j for some s : B,,j -+ B and 
j E Ji, hence (r,s):(et,&) + (u, f) is a morphism in F,, as desired. 
(ii) * (iii): Every accessible functor is *-sound, see 3.5. 
(iii) =P (i): Under the negation of Vopenka’s principle, we construct a weakly 
right-adjoint functor F: Gra + Set which is not *-sound. With a large discrete full 
subcategory 9 of Gra, let g be the full subcategory of graphs C for which there is 
a morphism D + C with D E 9. Then define a functor H : Gra + Gra on objects by 
HA = 
i 
1-1 for A E 9, 
A else; 
206 J. Rosic&, W. TholenlJournal of Pure and Applied Algebra 98 (1995) 189-208 
for f: A -+ B in Gra one has B E a if A E 9, hence it suffices to put Hf = f in case 
A, B $ G. Finally, with U : Gra + Set the forgetful functor, consider F := UH. 
F is weakly right adjoint. In fact, with T(X) the discrete graph on the set X (no 
edges), one has T(X)$a (since otherwise we would have a map D + T(X) with 
D E ~2; this is impossible since one can find maps T(X) + D’ for every D’ E ~2). Hence 
FT(X) = X, and one can easily check that 
id,:X + FT(X) 
gives the desired one-element weakly initial set of (X 1 F). 
However, F is not *-sound. To wit, let us assume that for the one-element F-sink 
2 = FT(2)L 1, 
the category (11 F)l admits a weakly initial set 
(gi: T(2) + Ai, di: 1 + F Ai), i E I. 
For every DE 9 (with at least 2 points) we can choose a one-to-one map 
fD: T (2) + D. Since FD = 1, f. belongs to the F-semilifting ( fD, idI), hence it factors 
as fD = pgi for some i E I and p : Ai + D. In particular, gi is one-to-one; on the other 
hand Fgi is a constant map. This implies Ai E 9 since otherwise we would have 
Fgi = Ugi. Hence there are maps 
D’ + AiP, D, 
and the choice of 9 implies that this composite is idD (with D’ = D). Hence every 
D E ~2 is embedded in some Ai. Since the proper class 9 contains arbitrarily large 
graphs, this is impossible. 0 
4.4. (Note added in November 1993). Peter Freyd drew our attention to his old paper 
[7] where some of the concepts tudied in this paper appeared under different names. 
Tame functors were called petty, and approximate colimits were called pre-colimits. 
Furthermore, Freyd introduced a notion called “petty implies lucid” (PIL) for a cat- 
egory AC which is characterized by the property that every subfunctor of a tame 
functor Z + Set is tame again, and proved that full subcategories of PIL categories 
are PIL (see [7], 4.41). From the perspective of this paper, the question arises whether 
accessible categories are PIL. The answer is in the spirit of Theorems 4.2 and 4.3 since 
the following statements are equivalent: 
(i) Voptnka’s principle holds, 
(ii) every subfunctor of an accessible functor is accessible, 
(iii) every accessible category is PIL, 
(iv) every bounded category is PIL, 
(v) the category Gra of graphs is PIL. 
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In fact, for arbitrary functors F, G : X + Set and a manic transformation (T : G + F, 
every comma category (X 1 G) is fully embedded into (X 1 F), hence a full subcategory 
of an accessible category when F is accessible. Hence (i) 3 (ii) and (i) + (iii) follow 
from Theorems 4.2 and 4.3 (iii) * (iv) follows from Freyd’s result on preservation of 
PIL when taking full subcategories, and (iv) 3 (v) is trivial. Finally, for (ii) * (i) and 
(v) =z- (i) one proceeds as in the proof of theorem 4.3 (ii) * (i) and defines a functor 
G: Gra + Set with GA = {a> for all A E 9 (with a as in 4.3) and GA = 8 otherwise. 
(This functor appears also in [7] 4.2) Then G is not tame, hence not accessible, but it is 
a subfunctor of the accessible functor F : Gra + Set with FA = {=} for all A E Gra. 
5. An example 
Theorem 2.10 and Corollary 2.11 leave us with the problem whether there is any 
faithful tame functor of tame categories which is not sound. The following theorem 
gives a positive solution to this problem, even when its formulation is tightened. 
5.1. Theorem. There exists a faithful weakly right-adjoint functor G : 2’ + X with 
total categories 2 and % which is not *-sound. 
Proof. The idea for the construction arises from the last part of the proof of the 
theorem in 4.3. First, in order not to make use of the negation of Vopenka’s principle, 
we replace the category Gra by the category _Y:= Spa of “spaces”; objects are sets 
X with any collection of subsets of X, which are called “open” (but there is no 
condition on their behaviour under set-theoretic operations), and morphisms are 
“continuous” maps. Spa is known to be ‘universal” (see [lS], Spa = S(F) in the 
terminology of Pultr and Trnkova) and therefore contains a large discrete sub- 
category 9. The category Spa is total since the underlying functor U : Spa + Set is 
solid (cf. [S], in fact topological Cl]). 
Let a and H: Spa + Spa be defined as in the proof of the theorem in 4.3 (the 
one-point set has to be provided with the discrete structure). Since the functor 
F := UH is not faithful, we consider its “graph” 
G:Spa + SpaxSet, A H (A, FA). 
We remark that the codomain of G is total (since U x Id,, is solid, and Set x Set is 
total). 
G is weakly right adjoint: For (A, X) ~Spa x Set, we consider the coproduct 
A + T(X) in Spa, with T(X) the discrete space over the set X. Since there is 
a canonical map i: A + A + T(X), we have A + T(X) E 9 if A E a. Conversely, 
if A + T(X) E 9, we must have UA # 8 (since otherwise A + T(X) = T(X) E g; 
but T(X)+ 9, for the same reason as in 4.3). With any map T(X) + A we can 
then find a map A + T(X) + A and therefore obtain A E a. It is now elementary to 
208 J. Rosickj: W. Tholen /Journal of Pure and Applied Algebra 98 (1995) 189-208 
verify that a one-element weakly initial set in ((A, X) 1 G) is given by the canonical pair 
of maps 
(,4,X) + G(A + T(X)) = (A + T(X), UA + X) if A $a 
and 
(A,X) + GA=(A,l) ifAEa. 
G is not *-sound: One assumes that for the one-element G-sink 
(id,, t) : GT(2) = (T(2), 2) + T(2), 1) 
the category ((T(2), 1) 1 G)w,,~) admits a weakly initial set and derives a contradiction 
completely analogously to the proof of the theorem in 4.3. 0 
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